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SPACES  0?  niI2i'AI\TiI  SURFACES 
By  LIPl'IAil  BERS 

This  address  is  a  progress  report  on  recent  iiork,   partly 
not  yet  published,  on  the  classical  problem  of  moduli,   iiuch 
of  this  work  consists  in  clarifying  and  verifying  assertions 
of  Teichmuller  '   '   whose  bold  ideas,  though  sometimes  stated 
awkx.'ardljr  and  xdthout  complete  proofs,  influenced  all  recent 
investigators,  as  well  as  the  worJc  of  Kodaira  and  Spencer  on 
the  higher  dimensional  case.   Following  Teichmuller  we  consider 
not  the  space  of  closed  Riemann  surfaces  of  a  given  genus  g 
but  rather  an  appropriable  covering  space  and  certain  related 
spaces.   For  the  sake  of  brevity  the  simple  and  somewhat  ex- 
ceptional cases  g  =  0  and  g  =  1  will  be  omitted. 

Our  main  technical  tools  are  uniforraization  theory  and  the 
theory  of  partial  differential  equations.   The  problem  of  moduli 
has  also  an  algebraico-geometrical  aspect, but  the  topological 
and  analytical  methods  used  here  are,  of  course,  restricted  to 
the  classical  case.   On  the  other  hand,  they  are,  in  principle, 
applicable  also  to  open  surfaces, 

1.   Quasiconf ormal  mappings 

Let  w  =  w(x)  =  u(x,y)  +  iv(x,y)  be  a  horaeomorphisra  of  a 
domain  '^:''^in  the  z-plane  onto  a  domain  in  the  w-plane,  and  let 
k  be  a  number  such  that  0  <  ':  <  1;  we  set  K  =  (1  +  k)/(l  -  k). 
There  exist  three  distinct  w^ys  of  defining  k  quasiconf orr.iality 
of  the  mapping  w. 

Definition  A  (Morrey    ,  Caccioppoli    ,  Bers  and 
Nirenberg*-  •').   The  derivatives  w^,  w  exist  as  generalized  h^ 


2. 

derivatives   and   almoct   every^ihcre 

\vi     +   ix)    I    <  1'  |w      -    iw    I .  (1) 

For  a  C^  mapping  w  ''ith  positive  Jacobinn  this  is  the 

original  definition  used  by  Grbtzsch   "   ,  Ahlfors    and 

[23] 
Teichmuller    ,   ^'e  recall  that  w  is  called  a  generalized  L^ 

derivative  of  w  if  y    -^nd  i-j,^  are  measurable  and  locally  squai^e 

integrable  in  ••:^  and  /  w  ,(Jdxdy  =  -./  w<l>„<izdy  for  every  C 

function  4  with  compact  support  in  'S-"^ 

Definition  B  ( Ahlfors '•  ^  ■' ,  Pf  luger^  ■'■'^■' ,  Mori^  ■'■^'-' ) .   For 

every  topological  rectangled^^  CL  .<, 

mod  w('3^)  <  K  raod'-'vg.  (2) 

V'e    recall  that   a  topological  rectangle  yf^  is    a  conformal 
image   of   a  closed  rectangle    0  <  ^  <  1,    0  <    ^   <  m,    and 
riod  .-f  =  m. 

Definition  C    (Lavrent'ev'"^^-',    Pesin'"  ■'■■',    Jenliins^"'"^-' ) , 
At   almost    all  points    z   of  •^^'tlv 

lira  sutot     max    hj(z)  -  w(^)  1/     min      |vj(z)  -  ■'■j(^)  I  y  5  K. 
r->0    ^\z-K=v  |z-^|=r  -^ 

That   quasiconf  orraal  ity  is    a  natural  concept    is    shown  by  the 
Equivalence   Theorem,      Each  of   the    three   definitions   A,    B,    C 
Implies   the  other  two. 

The    implication  A  — >  B  was   proved  by  Grotzsch  for  C-, 
mappings;   his   proof  extends   to  the   general   case    in  viexj  of   the 
results   of  Morrey.      Mori's   work  contains    implicitly   the   state- 
ments  B  — >  A,    B  — >  C,    cf.      Bers    '    .      Pesin  and   Jenkins    showed 
that  C   ->  A.      (Cf.     also  Volkoviskii  ^'^    ,    Yujobo'"^-'-    . ) 


(■^\ 


3. 


A  k   quasi confonnal   rnappln^   renains    so   if  follovjed   or  pre- 
ceded by  a   conforraal  napping,      Kence   we   may  define   a  horaeoraorphism 
f  of  a  Riemann  surface   S   onto   another   such  surface  S      to   be 
quasiconformal    if   it    is    so    in  a  neif^hborhood  of   every  point   on 
S,-.   in  terras    of  local   parar.ietevs . 

2,      Beltrami   equations 


It  follows    from  Definition  A   that   every  h   quasi conforr.ial 
mapping   of   a  plane   domain  satisfies    a  Beltrami   equation 

w^  +   iw^^  =   ',i(z)(w,.  -  It-'    )       (ll-t|    <  k  <   1),  (3) 

where    |x   is   a   complsx-valxaed  measurable   function.      Conversely, 
every  honeomorphic   solution    (-^jith  generalized  Lp  derivatives) 
of    (3)    is   k   quasiconformal.      ''e   recall    the    geometric  m.eaning 
of    (3)s      the   mapping   z— >t.;(z)    is    conformal  XNiith  respect   to   the 
metric  ds   =    |dz   +   [idz  | . 

Let  M  denote    the    set    of   all  bounded  measurable   functions 
ti(z)5  |z|    <   1,    with    il  ^11     =   tx'ue   max    li.t(z)|    <  1.      We   topologize 
1-i  by   requiring   |t, .— >[j,     to   m.ean  that    j|  ii  .  II     <  k     <  1    and 

0  J 


'fi, .(  z )— >  [I  (z)a.e  .   For  '^.i   e  Ii  let  \r    denote  a  solution  of  (3) 


which  maps  \z\    <  1  topolorically  onto  itself  leaving  the  points 
l,i,  -  1  fixed. 

Proposition  x    (Ilorrey,  cf.  Be:,  s  ?nd  Nirenberg    , 
Boyarsk.il    ),   ?or  [x  e  I'l,  ii'"'  cr.ists  ?nd  is  unique  ^nd  e very- 
other  solution  of  ( 3  )  i s^ _  g n __-Ui a  1;^; tic  fun c t i on  of  vi '^ ,   Also 
w  and  (w"")"   satisfy  unii'orr:  rloldsr  conc'ltions  depending  on  ||  ^i 


if. 


Proposition  II.  _Let  '^.i   e  I'i  Jepend  on  several  real  -oarameters 

t,,  ,.,j  t   and  be  a  function  of  class  C   (v  -  0,1,2,  ...5O0) 

of  these  parameters.   For  every  z,  |z|  <  1,  \r{z)    is  of  class 

C   as  a  function  of  Tt ,  ...,  t  . 
V  —    ...      .   .   1 '     '   r 

Proposition  III.   Let  ^  e  M  depend,  holomorphically  on 
several  c  omplex  parameters  s,  ,  . • • ,  s  .   For  a  sufficiently  small 
e  >  0  there  exists  a  homeoinor-jhic  solvition  \i{z)  _or  (3)  defined 
for  I  z  i  <  e  J  such  that  w  ( z )  is  a  holorao  rphic  function  of 
s, ,  • • • ,  s^. 

The  proofs  of  II  and  III  nill  appear  elsetrhere, 

3»   Teichmullcr  spaces 

In  tjhat  follows  conformally  equivalent  Thiemann  surfaces 

are  considered  identical,   Tuo  Riemann  surfaces  S  and  S   iiill 

o 

be  called  similar  if  there  e:cists  a  quasiconformal  homeomorphism 
f  of  S  onto  S  .   In  this  case  the  homotopy  class  P  ^   of  f  is 

O  b,o^ 

called   alloTjable    '?nc   the   o.t^ir   (SjF^,    ^    )    is    called    a  marked 

Fiiemann   surface.      The    totality  of   these   forLis   the   Teiclimuller 

STDace   T(S    ).      Sver^r   allowable    class    F^      o     defines   in  en  obvious 
o  "  '^I'^o 

way   a  one-to-one  map-iinc;    (allowable  mapping)   of  T(S-,  )    onto  T(S    ). 
Ue    are    interested  only   in  pror-crties   invariant  under   allovjable 
mappin:^s;    hence   we  may   identify  T(S- )   with  T(S    )    and   call   it 
the   TeichiTivillcr  space   T  determined  by  a   cl'^ss    of   similar 
Riemann  surfaces. 

A  differential   of  tyne    (p,q)    on  S      is^    locally,    of  the 
form  X(z)dz-^dz^,    where    z    is   a   local   parameter  and   A(z)    a  measurable 


5. 


function.   Let  m  =  '^dz\Oz   be  a  differential  of  type  (  -  1  ,1) 

(Beltrami  differential).   Then  |  [j,  |  is  a  scalar;  if 

II  mil  =  true  ma::  liij  <  1,  m   is  called  a  proper  Beltrami  dlf-  ■ 

ferential.   It  defines  on  S   a  Riem?nnlan  metric 

o 

ds   =     Idz   +    t-idzl 

and   it   follown   from  I  that   t'lls   metric  defines   on  S      a  new   con- 
formal    structure.      S      ijith  this    conformal    structure   and  with 

o 

the  allowable  class  containing  the  identity  is  a  marked  Rlemann 

surface  which  we  denote  by  S'^'^.   Sveiy  element  of  T(3  )  is 

of  the  form  S^'^,but  S^"l  =  s'^'^2  (equality  in  the  sense  of  marked 
o      o     o 

Riemann  surfaces)  does  not  iraply  that  m^  =  m^* 

The  Teichiiiuller  distance  between  two  elements  of  T(S  ), 

say  S-  and  Sp,  is  defined  as  inf  ||  m  ||  for  all  m  such  that 

S^  =  S^*   It  defines  a  topology  on   T(S  ). 

l^o\<!   let  S   be  neither  the  sphere,  nor  the  plane,  nor  the 

cylinder,  nor  a  closed  surface  of  genus  1.   Then  we  have  th< 

representation  S  =  U|G  ,  where  U  is  the  unit  disc  and  G 

^  0        0  o 

Puchsian  g^o^P  (by  which  we  mean  here  a  discrete  f  i::ed-point-fre« 
group  of  non-Euclidean  motions).   G   is  determined  by  S   uniquely, 
except  that  it  m-^y  be  replaced  by  AG  A"  ,  x-jhere  A  is  a  non- 
Euclidean  motion. 


le 
a 
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Let  IL   denote  the  set  of  those  [j,  e  Ii  which  satisfy  the 
^o 
functional  equation 

ti(A(z))  a'(z)/a'(z)  =  [i{z)      (for  A  e  G^).      ih) 


6. 


Every  Beltrami  differential  on  5   can  be  I'ritten  as  m  =  ix(z)clz/dz, 
|z|  <  1,  [it   Mg  •   For  [J,  e  !?„   one  verifies  (usinn-  I)  that 


vi^{A{z))   =   A^^(t/(z))   for  A  e  G^,  (5) 

where  A^   is    a  non-Euclidean  "Jiotion.      The  raapping  A  — >  A^   is    an 
isomorphism  of  G      onto   a  Fuchsian  grouo  G^  =  w^G    (w^)"    ,      "e 

O  ^  "         O  0 

have    that  S^'    =   U/G  '  .      Thus    the    study   of  Teiclimuller   sioaces    cji 
o  o 

be  made  dependent  on  the  theory  of  Beltrami  equations. 

1+.   The  spaces  T  ,  T   ,  T^''^^ 

Let  S   be  a  closed  Piiemann  surface  of  genus  g.   Every  closed 

surface  S  of  genus  g  is  similar  to  S   and  every  sense -preserving 

homeomorphism  of  S  onto  S  belongs  to  an  allocable  class.   The 

proof  of  this  is  not  difficult  in  view  of  our  definition  of 

quasiconfonnality ,   The  Teiclinuller  space  of  S   will  be  denoted 

by  T  . 

Analogous  statements  are  true  if  3   and  S  are  each  obtained 

o 

by  removing  n  distinct  points  from  a  closed  Riemann  surface  of 
genus  g.   The  corresponding  Teichmuller  space  will  be  denoted 

by  T 

"'"  (n) 

We  shall  also  consider  (for  g  >  1)  the  space  T   '  the 

o 

elements   of   which  are   marked   closed  Riemann  surfaces   of  genus   g 
on  each  of  which  one  has   distinguished   an  ordered   n-tuple   of 

(not  necessarily  distinct)  points. 

(n) 

There  is  a  natural  ma'oping  •^.'' of  T   'onto  T  sua   the  inverse 

_  i     O  fj-  T 

o  o 

image   of  a  --joint   of  T     under  •'.'u    is    In  a  one-to-one   correspondence 
with  the  n-fold  product   of   a  Riemann   surface  by   itself.      Tliis 
remark  yields    a  natural  iiaj  of   introducing   a  topological 


7. 

(n) 

or  diffe rent i able  structure  in  T  '   once  tg  have  such  o   structure 

in  T  f     "e  denote  by  t  ^^'  the  set  of  ■■)olnts  of  T    corres-oonding 
g  g  g         -      ^ 

to  the  choice  of  n  distinct  points  on  a  surface.   There  is  a 

natural  mapping  ii  of  T    onto  T    irhich  -oermlts  one  to  define 
^       g,n       g 

a  topolcf':iccl  or  differentia ble  structure  in  T    using  the 

corres-oonding  structure  of  T  '^•'.   (it  depends  upon  an  arbitrary 

ordering  of  the   reraoved   'ooints  on  one  elenent  of  T    .J 

g  >  n 

5.   Embeddinr  of  T   into  E.   , 

In  what  folloT's,  we  consider  a  fixed  g  pnd  assume,  for 

the  spke  of  brevity,  that  g  >  1.  ^^e  set  T  =  3g  -  3. 

Let  S   =  U/G  be  a  closed  surfc.ee  of  genus  g.   It  is  I'nown 
o     '^  o  >-      o 

That  G      consists  of  the  identity  and  of  non-Euclidean  trans  - 
lations  .   Thus  every  element  A  4  1  of  G   has  exactly  t-.'o 
fixed  points  on  the  unit  circle  and  one  can  shou  that  tijo 
distinct  eleraents  have  four  distinct  fir.ed  points.   Also^  one 
can  choose  2g  generators  A°,  B°,  j  =  1,2,  ...,  g  of  G^  satisfying 
the  relation  TTa°B°(A°)''-'- (  B^)""''  =  1  (standard  set  of  -encrators), 

'''e  call  a  standard  set  nor.i.alized  ir   the  repelling:  and  attracting 
fi:'ed  points  of  E  are  1  ana  (  -i),  respectively,  and  one  of 

o 

the   fixed   points    of  A      is    i.      ^'e    assui.ie   that   a  definite   norr.ialized 

r 

standard  generating  set  of  G   has  been  chosen  once  ---nd  for  all. 
(This  can  alvays  be  done,  replacing  if  need  be  G  by  AG  A"  ,) 


How 


3et,  for  some  [x  e  I'L 


f 


o 


A.  =  w^A°(ij^^)-\    3.  =  w^B°(w^)"^  .        (6) 
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Then     -,  A  .,    B.C    is    o.  norr,r?-llzed   standard   set   o£  renerators    for 

G"    and   hence   deteriuines   S',      Moreover,   J  A.,    B.>    depends   cnly 

on  S'    pnd   not   on  m   (for  homotopic  raaopin'js   induce   homo.".';or-phisms 

of   fxondaraentpl  groups   ^-.'hich  differ   only  by   inner   automorphisiiis, 

and  there    r-re    canonical  raappings   of  G   onto  the   fundainent'-'.l 

groups   of   U/G).      Finally,    for  a   standard   noriiialized   set,    A^_    and 

o 

B   G-T^n  be  computed  fron  A  ,3  ,  -...,  B^  ^  by  using  the  relation 

ffA.B.A.-^B:-'-  =  1   .  (7) 

j=l  J  J  J    J 

Each  A.   and   B  .,    j  =   1,    ...,    s  -  1     can  be  represented  by  3   real 

numbers.    Thus   ve   c  :n   represent    everv   elerient   of  T(S  )  =T     by 

o    g 

a  point  in  the  Euclidean  s^ace  Z,      ,,      Prom  novj  on  ije  identify 

og-o 

sxi    element   of  T     uith  its    i-^e-orescntative   point.      How  T      a'o^ears 
g  "  g     " 

as    a  subset  of  E,      ,,    and  hence    is   to^Tolopiized  and  even  r.ietrized 

ug-b'  ,  .         o 

(cf,    Siegel^^^^    Bers^^"'). 

6.      Different! able   structure   of  T 
g 

Lemraa   1.      Let   S      be   a  narlced   closed   Hiemp.nn  surface   of 

genus   g,    m  =    (m,  ,    ..,,    m    )    a  j"    tuple   of  Beltrami  differentials    on 

S    ,    t,  -    {E,   f    . , ,  y    E,      )a  point  of'E_  of  small  modulus  |^|. 

The  mapTin-  E,  ->  S^'      -=.5  ^   "  ■                ^'          of  a  neirhborhood  of 
b. i.  o 

0  in  S,.,-  into  E,     is  C 


V 


J_I  ^  -LOW        i 

6g-r;  —  00 


^to 


This  follo-is  at  once  from  II. 

In  a  forthcoming  paper  Ahlfors  and  Eers  prove  that  the 
napping  considered  is  even  real  analytic. 

A  regular  quadratic  differential -'"'---on  S   is  locally  of 
the  formf^(z)dz  ,  '^{z)   Jiolomorphic.   These _A_«s  form  a  complex 


D-.:  :■ 


(TO 
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vector  space  Q-   of  dimension  3''    -  3  =  'C'  (Riemann-Roch) .   ^^e 
note  that  for  niiy  Beltrami  differential  m  =    ^idz/clz  the  scalar 
product 

{^0^  m)  =  J  J        6 ;  ( z  )  ix(  2  )dxdy 

S 
o 

is   ijell  defined. 

A  Beltrami  differential  m  on  S     will   be    called  locally 

trivial   if  for  real    e  — >  0 

|S^   -  S^'l   =  0(e).  (G) 

To  appreciate  this  requireraent,  note  that  hj   II  ^le  alT-.'ays  have 

Is   -  S^'M  =  0(e). 
'  o    o 

The  follovjin^  result   c,oes   back    bo   Telchinuller. 

I-lain  Ler,iraa.      The  Beltrariii  differential  in  on  S      (closed   Niemann 
surface   of  gentxs  g)    is   locally   trivial    if   and   onlj   if (-.'■_, i,i)   =    0 
for   all  w  \-  e  0,0    • 

rieccssity    oroof    (a  la  Ahlf ors ) .      Using   li  I'e   compute   that, 
for  every  A   in  G    ,A  =    OA^^^/a  e)    _^   equals   h(A(s))    -  A«(z)h(z), 
where 

h(z)   =    (3  w^'"^(a)/,ge)g^Q     and     h-    =     [x. 

Equation    (3)    i-jvolies    that   A  =   C,i.e.    that   h(z)/dz    is    a  differential 
of  type    (  -  IjO)    on  3      and 

(/l,r,i)   =      I  /      i^Lidxdy  =       /  y      6Jh-d;:dy  =   0 
o  o 

since   ^■^-  =   0, 
z  — 


10. 


Sufficiency   proof    (a   la  ^^ell).    Let->^,  ,     ...,  _1.      be   a 

1  ^ 

cora-plex  basis   of   Q,^    ,    L   some   C    ^   density   on  S      (i.e.    a  differential 

o  00  O 

of   type    (1,1),    L  =    i\dzdz    nith  A   >   0)    and   set 

Wj  =-''-jA,       j   =   1,   ...,T,      m.  =-ijL,    ^,/L,     j^'t"  ■'-1.   •••*2T» 
Assume   that    {J\,,\-.i)   -   0  for  all    j   and   consider  the   mapping  of 

1.4  , 

(?o,?l,...,^2T^  ->  $  °  °     1  1  2r2r 

This   mapping  has   ran!:  <  2Z    at   the   origin.      Hence   there    is   a 

(2T  +  l)-tuDle    i^,^,   ...,E,^.^^)   4    (0,    ...,0)    for  v-hich 

4  m  +  ...  +  .^^,_^  m„^  is  locally  trivial.   But  then  iT^  =  ...=  §^^=0, 
^o  o         2  c^  ZX  "^  "1       ^2  L   ' 

by  the  result  oroved  above,  so  that  E     ^   0   and  n   is  locally  trivial 

J  "  '  ^0  0 

A   real    (complex)    Beltrami  basis    on  S^   is   a  basis    of  the    real 

(complex)    factor-space    of   all   ^leltra^ai  differentials  modulo 

the  locally  trivial  ones.   The  precedinc  argument  contains  the 

proof  of 

T.nn^a  ?. .     Le±  m  =  (m^,  ...,  ra^^)   be  a  real  Beltrami  basis 


origin. 


JU: 


Corollary.   T   i.s.__an  open  subset  of  E^^^^. 

Indeed,  S   Is  not  distinguished  from  any  other  element  of  Tg. 

o 
TJe  have  nor,  defined  a  C  ^^  structure  in  T^  and  hence  also 

in  T^^^  and  in  T^   . 

7 •   Sxtremal  guasiconform'^.l  mappings 

A  Teichmuller  differential  on  a  closed  Pdem.ann  surface 
S  of  genus  g  is  either  0  or  a  Beltrami  differential  of  the 


11. 

form fCJ\/\S\-\   v'ocre  J'T-is   a  regular  qtiadratic  differential   and 

Kl   a  m.Traber,    0   <_  K'    <  1.      These   differentials   have    an  extroiiial 

property  proved   correctly   in  Teichinuller' s   191-1-0  paper   (cf,    also 

Ahlfors^^^    Bers^^-').. 

Theorera  A.    If  m     is    a  Teichmuller  differential  and  ra  any 

other  Beltrami   differential   on  3      (a   closed   surface   of    c'enus 
o ~ 

g   >  1),    and   if  s'^  =   S'^o,    then  either  in  =  in     or    ||  m||  >    ||  m    ||   . 
<J  ' o  o        — — o  "       '  "      o 

^^e   can  no^j   state    the   Teiclii-iiuller  theorera  for  closed   surfaces. 

Theorera  B.   Let   S     be   a  marked   closed  Riera'-?nn   surface  of 
eenus    c-   >  1.      Every  element  S,    of  T     =  T(S    )    admits   the   unique 
representation  3,    =  S^'    ^^Jhe_re  ra  is    a  Teichrauller  differential. 

The   theorem  means   tbat   every  homeomor^hism  of  S      onto 
S-,    can  be   deforraed   into   a  unique   extreraal  one,    ijhich  deviates 
least   frora  conforriiality  and  ^'hich   can  be    represented,    locally, 
except  near   finitely  raany  ooints,    as   a  conforriial  mapping   followed 
by   a  uniforra  stretching   and  then  by   another  conformal  raapping. 

ITow   let   S      be    a  surface   obtained   frora  a   closed  Piieraann 
surface   >"     of  genus   g  by   removin"    n  distinct   -ooints   p, ,  »>»,v>^* 
A  Teichrauller  differential   on  S      is   either  0  or  a  Beltrarai 
differential   of   the   f  orm /G./L/|..rL| ,    T-here   0  <  /C  <  1    -nd_L  is 
a  quadratic    differential   Tihich  is  holoraorphic   on  J_^   czcept 
perhaps    at    the   points   p.   at  ijhich  it  raay  have    siraplc    poles. 

Theorem  C.    Let  S     be   an  clement    of  T^.      •      Ever;-   other 


element   S-    of  T^^        admits   tie   unique    representation  S,    "   S    , 

nheve   m  is   a  Teichrauller  differential   on  S    ♦ 

This   Teich-iiuller  theorem  can   be   derived   from  B    (see  Ahlfors 
for  details).      Theorem  A  ;;as   proved  by  Teichrauller  in   [2^], 


[2] 


3-'£C 


12. 

[21 
another  proof   is   due    to  Ahl.fors         .      Ve    sketch  below   the  proof 

r  cTi 
in  Bers   '^    .      It   differs    from  Teichmuller' s    o-'n   only   technically. 

Let -/\.  =    (^"'"i  ,    ...,-^^'-/      , )   be   a   real  basis   of  (^<-,    . 
1  fcg-o  _..         ^  S 

For  X  e  E.  ,,     |x  |    <  1   set   y(x  )   -  g  k  [x'-^/l  "H  if  ^^  4   o,  y(0)  =  S^. 

The  mapping  x  ->  y(x)    of    |x  |    <  1  into  T^,C    E^  ^^  is    continuous 

(by   II)    and  one-to-one    (by  A),    hence    o,;.'en   and   topological    (by 

the  theorem  on  the   invariance   of  domain),      "e   prove  that    it    is 

onto.      For  S,    e  T     there    is   a  ix  e  M„      with  S,    =  S^\      For  0   <  t  <  1 
1  g       ,  '^o  10  -       _ 

vie  have    that   tjx   e  I'L    •     Let   9  be   the    set   of  those   t   for  "hich 
S^^'^  =   y(x)    for  some  X,      Then  9   is   o^oen,    by   the   previous    result 
and   contains   t  =   0,      ^'e  must    shox-j   that    6   is    closed    (so   that 
t  =   1  belon:-s   to   it).      But   by  A  ^.le  have    that    if  S   ''^  =   y(x),    then 


1x1    <    I   trail  =   til  m|)    <    !|  m||     <  1. 


The  closure  of  6  follows  by  the  local  cora"oactness  of  E^     and 

the  continuity  of  y* 

The  argioment  just  given  also  establishes  the  following  results: 
Theorem  D.  T^  is  a  ( 6g  -  6  )  cell;  T^    is  a  ( 6g  -  6  +  2n)  cell. 


Theorem  E.  The  TeiclTraulltr  metric  .  in  T   and  in  T    yield 

OJ 


a  .-:- ..  -jn 


the  same  topolop^:/'  as  the  embeddini-'  of  T^.  into  E^   /♦ 

The  statement  that  T   is  a  (6fi-.6)  cell  is  already  contained 

o 

r  o  ] 
in  the  work  of  Pricke  '■■/  .   Fricke's  proof  is  quite  different" 

and  very  difficult  to  follow 

8»  Comnlex-anal-i-tic  structuro  of  T 
-  n* 

The  existence  of  a  'natural'  complex  analytic,  structure 

in  T  has  been  asserted  by  Teiclimuller  "^   ;    the  first  proof 

"^  {■>]  r2il 

was  :;iven  by  Ahlfors  "^-^  after  Hauch     showed  how  to  introduce 

complex-analytic  co-ordinates  in  the  neighborhood  of  .^ny  point 


o:;'   >,'on   k-:K'ii3> 


■  fi        rr  n 
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of  T  which  Is  not  a  hyoerelli-.tic  surface.   Other  -oroofs  are 
due  to  Ilodaira-Spencsr   '   and  to  "eil  '^   .   The  proof  d:etched 
below  gives  explicitly  a  set  of  co-ordinates  near  every  point 

of  T  . 

6 

Let   S      be   an  element   of  T    ,    that   is   a  marked   closed 
o  S 

Niemann  surface   of   renus   q,    and  ra  =    (iil.,    ...,    ra_^,_^)    a  coraplex 
Beltrami  basis.      By  Leimnas   1  and   2   the  mapping   a  = 

(A a^   -.)->  S^*^''''  1s  a  C   homeomor-ohism  of  a  neighborhood 

^1'     '   3g~3     o         CO 

of  the  origin  of  the  conple::  number  s-oace  C,   -,  onto  a  neighbor- 
hood  of  S  .   "e  call  the  a.  the  co-ordinates  associated  iiith  m, 

T'-;eQrem  F.   The  co-ordinates  associated  --ith  complex 
Beltrami  bases  are  complex-analytic  co-ordinates  in  T^. 

It  will  suffice  to  prove  t'lo  statements. 

(i)  If  m  and  n  are  tvo  comple:;  Beltrami  bases  on  S   and  the 
relation  a  =  a(b)  is  defined  by  the  equation  S_*''  =  S^   , 
then  da,/<^b  .  =  0  at  a  =  b  =  0. 

(ii)  If  m  is  a  complex  Beltrami  basis  on  S^,  and 

S   =  s"^*"-^  with  |c|  sufficiently  small,  then  there  e:.ists  a 
1    o 

coraplex  Beltram.i  basis-  n  on  S-,  such  that  if  a(b)  is  defined 
by  the  equation  s^'^'^^^*''^  =  slj^*^  ,  then 


=  0   at  b  =  0. 


Proof  of  (i).   From,  our  definitions  and  Lemiia  1  we  con- 
clude that  for  any  t-'O  Beltrav.ii  differentials  s  and  t  on  S^ 


a  a. 

1 

=  °13 

and 

-'^ 

■abj 

-■^- 
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gEs+et  .  s^^l  =  o(e)   if  t  is  locally  trivial.   (10) 

0  0 

Now  ue   have  n  =  "iin  +  r,  ijhere  ■„  is  a  constant  :jiatri".  and 

r  =  (r^,  .. .,  r^^^^), 
r.  being  locally  trivial.   It  is  plainly  sufficient  to  consider 

J 

the   case    "^  =    I^    i.e.    n  =  m  +   r.      ''sing  Lenima  1   and    (lO),    vje 
have   that    for  small    |a|    and    |b|'. 

|a-b|    =    Ot|s^-^-S^^-^|)    =    0(|S^-^-^'^   -S^'^''M)=o    (|b.rI)=o(Ib|), 

so  that     aa,/'3  b  .  =   0. 

Proof  of   (ii).      If  s    ond   t    ■^re   Beltrami  differentials    on  S^, 
'  o 


X    (t)   -   ^:-~l   --5 ^  (11) 

^  1  +  s   1-  IsT 


is  a  Beltrami  differential  on  S^  and  a  direct  computation 
based  on  (9)  shows  that 

.^.         A  (t) 

|3S+t  _  (3S)  s    I  ^  fj  (II  ^11  -)   ^.Q^,  ^^..Q^  3^    (3^2) 


Now  set  s  =  cm   and  n  -   \    (m)  .  Then 

s 


|a|  =  0  (|sf^-^^^  -  S^l)  =   0(|(S^)^^'^^  -  S^l)  +  Odai^)  . 

s 
This  shows  that  n  is  a  comple;:  Beltrami  basis  on  S  =  S,  .   Ijext, 

if  s^"^^*"^  =  sli"^,  we  have,  for  s:,iall  a  and  b: 
o        1 
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=  0  (|S^)''^^''"'^S^--^-^-'^|)=  0(i|a.m|l2)=  o(|a|2), 

^^rhence  cta./^t).  =  5.  .  and  3a. /c^S  =  0. 

The  space  T  also  hcs  a  'natural'  Hennlti?ii  netric  dC5~ 
g  

defined  (by  IJeil)  as  follows.   For  S   e  T  ,  let  L  denote  the 

2  . 

Poincare  density   on  S      (if  S     =   U/G    ,    then  L  =  dxdy/y    ), 

Let  /   -T.'-^  be   a   complex  basis   of  ■'^^^      such  that    {J\^    J  ^^/L)    =    S      , 

and  set  ra .  =--'  I-./L.  m  =  (r.'_  ,  ....  n  ).  Let  a.  be  the  co- 
ordinates  associated  i.'ith  the  comple;:  Beltranii  basis  in  on 
S^;    then  drr      =  Zlda.I      at   the  'ooint  S      e  T    ,      "eil   proved,    by 

O  ^—  J  -  O  g  -  ;.  ^ 

a   conputation.    tlir.t   the   I'letric   d{T~     is   Ilahlerian. 

9.   Coi-,role::  analytic  structure  of  T   '  and  T 

i  .  -  c- ^.n 

The  results  of  this  and  the  folloxjing  section  confirra 

and  ej'tend  sorae  of  Teichi'iullsr's  assertion  in  [28],   They  also 

shovj  that  the  cor.iplcx-analytic  structure  defined  above  is  natural 

and  coincides  xjith  that  of  Rauch-Ahlf ors . 

Let  S  be  a  marked  closed  Niemann  surface  of  "enus 
o 

g  >  l,p-,,  •••»  P  points  on  S  ,  not  necessarily-^  distinct, 

^^ ,  ,,.,  K     local  uniformizers  on  S  Tjith  ^.  =  0  at  p.. 
^1'       n  o       J         y 

ra  =  (ni  ,  •••»  ''■'^^    a  complex  Beltrami  basis  on  S  ,  a  =  (a,  5...,a   ) 
a  complex  vector  of  smsll  modulus.   3y  a  per>-,ianent  uniformizer 
near  p.  ue  mean  a  continuous  function  z.  =  Tj.(a-,,  ...5  a__  3K,.) 
xdiich  vanishes  for  ^  .  =  0,  is  holonorphic  in  a  for  fir.ed  ^., 


Z'O     !?.     {         Pi 


.       ,,.-^>. 


'"  iir.- 
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and   is,    for  fir.ed   a,    a  homco  loi-phic   solul'ion  of  the   Beltrami 
equation   in   ^.  with   ^  =  1\[^^    (i.-here   r,i^  =   [x.  (^  JdJ  ./d^  . ) . 
Clearl-'-j    (a^,    ...,a        z^,    ...,z^^)    are   a  set  of   complex  co- 
ordinates,   called  di£tli2£uis;ied_cq-ordJaiat6s   of   a  neighborhood 
of    (s^jP^,  .  ••,P^^)    in  T^^      ■  ^      The   er.lstence   of  permanent  uni- 
formizers   follous   from  Proposition   III. 

Theorem  G .      The   distinrgi i s he d__  c o-ordinat e s   rj i ve   T ^ ^ ^  a  c ora- 
pler.-analytic   structiire , 

Assurae   noii  that   the   points   d,  ,    . . . ,  u      are   distinct.      By 

J-   ■  '  n  .  .  .      '^ 

a   com.nle::  Beltrrmi   basis   m  =    (m^  ,   .,,,m^.      )    on  (S    ,p,  ,   ...,n    ) 

1  C+n  o     1'  n 

(also   called   an  ejictejadeci  Beltrami   basis)    v.e  mean   a  basis    of  the 

(comple;:) factor-space  of  all  Beltrami  dif ferentinls  n  on  3 

o 

modulo   those    n  for  xjhich   (■•  '-jn)    =   0  uhenever   the    quadratic 
differential,-^  is   regular   oii  S      er.cept  perhaps   for   simple   poles 
at   the  p    .      For  a  =    (  a^,   ..,,a  ,^,^^)small,    (S^*^'\p^,  •••''"n^    ^^ 
a  point   of  T„      •      "'e    call   the   a.   co-ordinates    associated  x;lth  ra. 

Theorem  11.      The   co-ordinates    associatecl  nith  extended 
Beltrami   bases    are    comoler-analytic    co-ordinates    in  T^       .. 

Theorem  I.      The   natural  mappings   o^'    (o_f  T^ ''^    onto   T    )    arxi_  7t 


(of  T^.    into  T   '  ai'e  holomorphic.   <>-''  vi_alLe_s_  T^,    into  a  gpm- 

■Qlex  fibre-s-oace    (the   fibres   bein/i  n-fold  -products   of  a  marked 

closed   niemrnn  surface  b      itself).      Ti  radges   T^  ^  into   the   universal 

covering   s"oace   oi    T  • 
u — . g 

The   rather  simple   proofs    of  Theorems  G,H,    I  are    om.itted 
due   to   lack   of  space. 


10.      Ilcronor-plilc   functions   on  T.  ,    T^        and    T 


17. 
(1) 


c 


Let  us  choose  a  canonical  dissection  on  S  .   This  ^ives 

o 

V-S  on  every  laarked  Rienann  surface  S  similar  to  S   a  set  of 
generators  A.,B ',  ...,  A^jB  ,  for  the  fundai'.iental  group  Ti{S) 

(uhich  are  cetermined.  but  for  an  inner  aiatomorr)hisi.i  and  satisfy 

(7))  and  hence  also  a  one-diraensional  ho-'olo^^^r  hasis.   If  (}>  is 

an  Abelian  differential  on  S,  let  (A.,c|)),  (B.jcj))  denote  the 

A.  and  B.  periods  of  ci  .  res"oectivcl-^r.   Also,  let  f  ^.)  .   denote 
J      J  J  "  J 

the  Abelian  differential  of  the  first  kind  on  S  uith  (A.,W.)=  5.  ., 
and  set  p.  .  =  (B.,U'.).   T'len  the  p.  .  are  functions  on  T  . 

ij    1  J  ij  :■; 

"e  note  that  S  nay  be  considered  as  a  coiiroler.  analytic 

subraanifold  of  T    .   The  ratios  f,  .  -C-O  ,/c^.   are  functions 

on  T   T  and  on  T^-''.   Finally,  let  <'^',  .  (1  4  j)  denote  the 
S,l        S  ij    '  -^ 

Abelian  differential  of  the  third  kind  on  S  uhich  has  aimple 

■Doles  v'ith  residues  1  at  the  zeros  of  cd .    and  with  residues 

(  -  1)  at  the  zeros  of  cJ..   The  ratios  f.  .,  =  ix'.  ./•/,  are 

functions  on  T   ,  and  on  T    . 
p" .  1         <",• 

Theorora  J,      The   p.  .    are   riieror.ior"ohic   on  T    .      The   f.  .   and 

iij  '^~T~\ —  ^  '^■^    — 

X.  .,.  are  r.ieror.iorphic  on  T^.  ^  r^^Ci:^    on  T^   . 

^'e  omit  the  proof  which  is  baseel  on  Proposition  II. 

Let  ^  denote  the  function  field  cei'^si'^^-ted  by  the  f,  .jf.  .,  , 

and  "^    CI    '^  the   field    r-ene rated   b^     the   f ,  ..      It    is    knoTin  that 

every  raero'iiorphic   function  f   on  S   belongc   to  ^   (and   even  to  ^, 

if  S    is   not  hyperelliptic) .      Hence   f  is    r.    restriction  of   a 

raercraor-ohic   function  defined   on   the   whole   sioace   T  • 

G 


*  ; 
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11.  A p")  11  cat  ions 

The   rolloT.'in:^   t"o   r-c suits    c~n  be   proved   in   s.   fex-j   lines 

using  the   fact   that  T      is    comiected, 

g 

(a)  Let  A.j^.jj  =-1,...  jg,    be   non-EvicllcIean  inotlons 
generating,  ^jith   the   single    relption   (7);    a  fixed-point-free 
Puchsian  group  vdth  com:oact   fT-Uidaraental   region.      T^.epresent 
A.,B.   by(2;:2)   matrices    a., p..      Then  TTa  .p  .a'-'-p"-^  =   +   I    (identity 
raatri;:)    and  not    (-1).      This   ansijers    a   question  of  Siec^el      "^    , 

(b)  Ever^'-    canonical  dissection  of  a    closed  Rleraann 
surface   S  =   U/G    can  be  deformed   into   a  dissection  uhich  iiiaps 

into   a   conve::  non-Z^uclidean  polygon   in  U.      This    Tjas    stated, 

[91' 
xjith  a  different    end   coraolicated  proof,    by  Pricke         , 

12 .  Ope:i  questions 

Here  are  sorae  open  questions. 

(1)  The  space  of  (uniicirlied)  Rieraann  surfaces  is  the 
factor-space  T  ./["^  ,,  P*  being  the  so-called  mapping  class  group, 
Give  a  precise  description  of  this  space. 

(2)  Does  there  e;;ist  a  comple:;:-analytic  co-ordinate  patch 
covering  T  ?   (In  other  i.'ords  is  T   a  subset  of  0-   -?  ) 

(3)  How  can  the  theor-r  sketched  above  be  extended  to 
open  surfaces  (other  than  tliose  obtained  from  a  closed  surface 
by  removing  points  or  disks)?   Our  definition  of  Teichmuller 
spaces  tries  to  anticipate  such  an  e:ctension. 

(1^.)   In  particular;  if  S.  and  S  are  t^^;o  similar  marked 
0!:ien  Hiemann  surfaces,  uhat  is  the  nature  of  the  er.tremal  quasi- 
conformal  napping  of  S  onto  S  ,  and  is  this  mapping  unique? 


•;2a  OK 
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